In this study, we address the case of a horizontal two-link robot with flexible timing belts and present a structural design guideline to reduce its undesirable vibration. First, an equation of motion was constructed using Lagrange's equation, and its validity was examined by comparing the experimental and simulation results using an index to estimate the undesirable vibration. As a result, it was determined that the mathematical model could be used as a simulation tool for design optimization. Then, by a simple structural modification, a design guideline was proposed to reduce the undesirable vibration in the extension motion: namely, a robot arm was designed such that the location of its center of gravity is near the rotation center and its moment of inertia is small. Other optimum structural design may be obtained for the other motion of robot. The points of this study are to propose the design method that includes the definition of objective function for the optimum design and to show a design guideline to reduce the undesirable vibration for a certain motion of robot.
Introduction
Recently, there has been a need for industrial robots that can be operated at high speeds and still achieve high manufacturing performance in various production processes. Because the vibration of the robot during or after action poses a major problem in the case of high-speed action, vibration suppression in robots has been a study of intensive research. Many of the studies have focused on advanced controller design, i.e., robust control, adaptive control or fuzzy control to suppress the vibrations of flexible robot arms. That is to say, the objectives of these studies have been the design of controllers for mechanical structures that have already been completely designed.
About two decades ago, the idea of simultaneous design optimization of structures and control systems was proposed (1)-(5) . This is a design method for a structure with a control system in which the structural and control properties interact with each other. Among the recent researches in this field, Ravichandran et al. (6) investigated simultaneous optimization of the plant and controller of a two-link rigid manipulator. In that study, counter-weights attached on each link to modify the link dynamics, the controller parameters were set as design variables, and the system design was optimized to minimize the combined objective function of plant and controller performances. Feliu et al. (7) reported on the optimal mechanical design for a single-link flexible manipulator. Through the attachment of some weights to the flexible beam to modify beam dynamics, the optimization aimed to minimize the objective function of the whole system's natural frequency. Finally, Hong-Sen Yan and Guo-Jhih Yan (8) presented an integrated control and mechanism design for a four-bar linkage system. In this study, we address the design of a horizontal two-link robot, namely, a semiconductor wafer transfer robot, and present structural design guidelines to reduce the undesirable vibration of the robot arm even though an existing control system is used. The undesirable vibration of this rigid-armed robot is considered to be generated by the flexibility of the timing belts. At first, the mechanism of the robot is briefly described and the equation of motion is constructed. Here an objective function to estimate the undesirable vibration is proposed. Then the validity of the equation of motion is examined by comparing experimental and simulation results. Finally, by a simple structural modification, a design guideline is proposed to reduce the undesirable vibration.
A study of vibration suppression by improvement of the control system using a preshaping approach has already been presented for the present robot considered in this study (9) . Using this control method and the design-optimization method presented in this study, it is possible to achieve higher control performance for the present robot. It is noted that the robot considered in this study is used to transfer a semiconductor wafer form a position to the opposite position of the robot. Because the vibration problem which effects on the precise positioning, may arise during the extension motion of the arms, so such motion is only discussed in this study. The results obtained in this study are valid only for the robot and the trajectory treated in this study, while the methodology is applicable for any robots or trajectories.
Equation of Motion of The Robot

Mechanism of Horizontal Robot
In this study, we address the horizontal robot shown in Fig.1 , composed of two arms and a pick. The first arm is driven by an AC servo motor located at its fixed end. The second arm is driven by a timing belt and a pulley set in the first arm; the pick is driven by a timing belt and a pulley set in the second arm. In this robot, the rotation angle of the motor is only controlled so as to conform to the required rotation angle. And the friction of the harmonic drive set between the motor and the first arm may be a source of vibration. However, in this study, the vibration of the robot arm is considered to be mainly generated by the flexibility of timing belts.
The vibration during the extension motion was evaluated because an object is carried and is placed at a target position by the extension motion of the arms. Moreover, the vibration in the extension direction was the only vibration evaluated because that in the vertical direction proved to be slight in the experimental examination. 
Equation of Motion
The equation of motion of the robot was constructed by using the coordinate system and variables shown in Fig. 2 . The three angles ) 3 , 2 , 1 ( = i i θ are independent variables. When the timing belts don't deform, the independent variable becomes only 1 θ based on the geometric relationship of the pulleys. In this study, the flexibility of the belt is considered and the equation of motion is constructed such that the torque acts at each joint.
To derive the Lagrange's equation, the kinetic energies of translation and rotation of the first arm, the second arm and the pick are introduced. The following symbols are used. For the first arm, the kinetic energy is obtained as follows. The C.G. positions are
The kinetic energy of translation and that of rotation are ( )
For the second arm, the C.G. positions are ) cos( cos
The kinetic energy of translation and that of rotation are
For the pick, the C.G. positions are ) cos( ) cos( cos
The kinetic energy of translation and that of rotation are ( ) 
This is the horizontal robot such that there are no potential energy components due to gravity. The Lagrangian is
and the equation of motion can be obtained as
Substituting the required rotation angles
into the equations, the required torque can be obtained. The torque is, in practice, given by timing belts so that the torque components correspond to the required operation of the timing belts.
Modified Equation of Motion
To consider the flexibility of the timing belts used in the first and the second arm, the equation of motion in Eq. (8) is modified.
The radius of pulley 1 at the motor side is 1 R , that of pulley 2 at the second arm side is 
Next, the radius of pulley 3 at the pick side in the second arm is 3 R and the spring constant of the timing belt is 2 t k . The rotation angle of pulley 3 is set as 3 φ . The potential energy of the timing belt is obtained as follows:
( 1 0 ) The total potential energy is obtained as follows:
( 1 1 ) When the motion of the robot is concretely given, Eq. (11) can be expressed using the variables
( 1 2 ) and the equation of motion can be obtained by using Eq.(8).
Required Motor Torque
Motor Torque for Actual Robot
In this study, the robot has a relationship ( 1 3 ) The length of every arm is the same, i.e., ) ( 0
. Substituting these relationships into Eq. (8), the required torque values are obtained as follows:
The torque values are determined such that that the robot follows the relationship described in Eq. (13). As mentioned in Sec.2.1, the motor is controlled so as to follow the required rotation angle; in the simulation, the torque in Eq. (14) acts at each joint even if the arms vibrate.
Considering the flexibility of the timing belt expressed in Sec.2.3, the rotation angles of pulleys ) 3 , 2 , 1 ( = i i φ are replaced as follows: 
Required Motion of The Pick and The Motor Torque
To calculate the required motor torque, the required motion of the pick was determined. In this study, the acceleration and the velocity of the pick in the extension direction were set as shown in Fig. 3 . The maximum velocity was set as max v . The acceleration time and the deceleration time were set as equal to 0 t , and one period of extension was set as e t . And the initial and the final rotation angle were set as 
Validity of The Equation of Motion
Parameter Identification by Preparatory Experiment
To identify the spring constants 1 t k and 2 t k , a preparatory experiment was carried out. The specifications of the robot are shown in Table 1 . And 0 t =0.3 sec. and
When max v is set as a certain value, the ideal acceleration during the extension motion is calculated as shown in Fig.4 . Here the vertical axis is the acceleration ratio normalized by the maximum value of acceleration.
The acceleration during the extension motion was measured by an accelerometer attached to the pick. Sample experimental results are shown in Fig. 5(a) . The vertical axis is the acceleration ratio normalized by the same value as Fig. 4 . Compared with the ideal acceleration shown in Fig. 4 , vibration can be significantly observed in the interval of zero acceleration, whose frequency is about 10 Hz. It is recognized that the simulation and experimental results agree well when the spring constant is set as shown in Fig. 6 by trial and error. In the acceleration time region, immediately after t =0 and just before 0 t t = , the restoring force is larger than the reference one. Then the restoring force is kept in the time region from 0 t t = to 0 t t t e − = , and in the deceleration time region, immediately after 0 t t t e − = and just before e t t = , the restoring force is larger than the reference one. The simulation result is shown in Fig. 7 .
The vibration about 10 Hz has to be suppressed because it may cause an inaccurate pick position. In this paper, the undesirable vibration is evaluated as follows. The frequency analysis of the acceleration data is carried out and the components from 6.5 Hz to 14.0 Hz are extracted. Then the acceleration is reconstructed as 
where T is the interval for evaluation and n is the number of data in the interval T . The process is shown in Fig. 5 . 
Examination of The Equation of Motion for its Validity
To examine the validity of the equation of motion, the measured vibrations of the robot whose structural properties were modified were compared with the simulation result. In the experiment, for the simplicity of structural modification, some weights were attached on the arms as shown in 
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Vol. 3, No. 4, 2009 among cases 4, 5, and 6, and among cases 7, 8, and 9. In order to compare the trend of the RMS, the scale of the RMS is different between Fig.11(a) and (b) . The important trends are as follows: when two weights are attached at the pick side on the second arm, the RMS is large; when they are attached at the first arm side on the second arm, the RMS is small. As observed from Fig.5(a) and Fig.7 , the simulation model constructed in this study was an essential one that can show the basic property of the experimental response, and there may be some estimation error of parameters, thus it was difficult to obtain the same RMS of the simulation data as the experiment data. But in this study, the equation of motion and the parameters are used for other situations.
Vibration Suppression by Structural Modification
Method of Structural Modification
In the research on simultaneous optimum design of structural and control system, the feedback gain and weight distribution may be set as design variables, the stress of structure and performance of motor are set as constraints, and the vibration suppression effect and control energy are set as the objective function. For the robot considered in this study, only the rotation angle of the motor is controlled (no feedback control is used), and a structural design guideline that can reduce undesirable vibrations from 6.5 Hz to 14.0 Hz is proposed.
The weight distribution of the arm is taken as a structural design variable. Because the simulation model is used, the weight distribution of the arm can be freely modified in the structural modification. But for the simplicity of the treatment, the same amount of weight Fig. 9 , so that the total weight of the arm doesn't change. At this time, the C.G. location and the moment of inertia are changed as shown in Eq. (17). The acceleration of the pick of the structural modified robot is simulated by executing the required motor torque, and the undesirable vibration components are evaluated by using RMS. Therefore, the structural design that can obtain the smallest RMS is considered as the optimum design in this study.
Vibration Suppression Effect
The set of weights for structural modification is shown in Table 2 . The weight is determined by referring to the weight in Sec. 4.2. For each case, the locations of the attached and removed weights are discretely changed, and RMS is calculated by simulation. As an example, the result of case 11 is shown in Table 3 (a). In case 11, the C.G. location of the first arm is moved to the motor side and that of the second arm to the first arm side. The result is the ratio based on the RMS of the original structure. From this table, it is shown that the undesirable vibration can be most suppressed when the C.G. locations of both of the two arms are moved to the utmost limit.
The results of case 14, case 41 and case 44 are shown in Table 3 (b), (c) and (d), respectively. In case 14, the C.G. location of the first arm is moved to the motor side while that of the second arm is moved to the pick side. In case 41, the C.G. location of the first arm is moved to the second arm side while that of the second arm is moved to the first arm side. In Case 44, the C.G. locations of the two arms are moved to the tip side. From these tables, it is shown that the result of 1 h =0.06 and 2 h =0.06 in case 11 is the smallest; examining all patterns, it is shown that the results vary monotonously and that this case is the optimum condition.
Under the optimum condition, the moment of inertia of the first arm changes from m. These results indicate that to reduce the undesirable vibration in the extension motion, it is better for the robot arm to be designed such that its location of C.G. is near the rotation center and its moment of inertia is small. From the viewpoint of structural optimum design, the stress and moment on the rotation center have to be checked. But in this case, they are recognized to be smaller than those of the original design.
Here the structural modification is considered as the design of the natural frequency of the robot. As shown in Eq.(8), this is the time variant system and the eigenvalues are calculated using the linearized equation of motion. At t=0.4sec. when the undesirable vibration are observed, the eigenvalue related with the undesirable vibration is 10.330 Hz for the original design; while it is 10.335 Hz for the optimum design. It is shown that the natural frequency becomes larger in the optimum design due to the smaller moment of inertia.
In this chapter, the structural optimization was carried out discretely. The results of the RMS varied monotonously so that the optimum conditions obtained through this process were determined as the final optimum conditions. And the trajectory of this robot was given in advance, so in this study, the trajectory was not optimum designed. When the other trajectory is given or the trajectory can be treated as a design variable, the other optimum conditions may be obtained.
Conclusions
In this study, we address the case of a horizontal two-link robot with flexible timing belts, and present an objective function and optimization procedure, and also propose a structural design guideline to reduce its undesirable vibration. First, an equation of motion was constructed using Lagrange's equation, and its validity was examined by comparing the experimental and simulation results using an index to estimate the undesirable vibration. As a result, it was determined that the mathematical model could be used as a simulation tool for design optimization. Then, by a simple structural modification, a design guideline was proposed to reduce the undesirable vibration in the extension motion: namely, a robot arm was designed such that the location of its C.G. is near the rotation center and its moment of inertia is small.
The results are very simple, while the points of this study are to propose the design method that includes the definition of objective function for the optimum design and to show a design guideline to reduce the undesirable vibration for a certain motion of robot. And the methodology is applicable for other cases. 
